A common s i g n a l processing task, r e l a t e d t o f a s t convolution, i s t h e r e c o n s t r u c t i o n o f a t i m e s e r i e s from a s e t of s p e c t r a l data obtained from t h e o u t p u t o f a DFT and subjected t o a s p e c i f i e d s p e c t r a l modi f i cation.
INTRODUCTION
Narrow band t i m e s e r i e s a n a l y s i s can be performed w i t h a sequence o f overlapped and windowed DFTs. This form of a n a l y s i s i s a p p l i e d t o t h e design o f t r a n s m u l t i p l e x e r s . I n t h i s a p p l i c a t i o n , t h e DFT simultaneously demultiplexes and resamples a s e t o f FDM channels. The center frequencies o f t h e f i l t e r bank a r e t h e DFT b i n frequencies fs/N, where N i s t h e s i z e o f t h e DFT.
The
bandwidth o f t h e i n d i v i d u a l f i l t e r s i s s e t by t h e window which, i n t h i s a p p l i c a t i o n , i s t h e impulse response o f t h e p r o t o t y p e low pass FIR f i l t e r . The resampling r a t i o o f t h e e q u i v a l e n t FIR f i l t e r bank, which i s l i m i t e d t o t h e r a t i o o f t h e i n p u t t o o u t p u t bandwidth, i s c o n t r o l l e d by t h e s h i f t i n t e r v a l ( o r overlap)
between successive transforms. The unwindowed DFT f i l t e r bank has a D i r i c h l e t kernel ( i e . s i n x / x l i k e ) s p e c t r a l response. The bandwidth o f these f i l t e r s e x a c t l y match t h e channel spacing o f t h e transform, fs/N. T h i s response, shown i n f i g u r e 1, i s t h e narrowest p o s s i b l e bandwidth f o r t h e N p o i n t s o f i n p u t data b u t i s c h a r a c t e r i z e d by unacceptably h i g h sidelobes.
The h i g h sidelobes represent channel c r o s s t a l k o r a l i a s i n g terms which f o l d back i n t o t h e mainlobe response under t h e resampling operation.
The
windowing o p e r a t i o n a p p l i e d t o t h e data c o n t r o l s t h e a n a l y s i s s i d e l o b e l e v e l s and has t h e i n c i d e n t a l e f f e c t o f broadening t h e mainlobe response o f t h e f i l t e r bank. The mainlobe bandwidth i s increased from fs/N t o K(A) fs/N. Here K(A), t h e broadening f a c t o r , i s approximately A/20 where A i s t h e f i l t e r peak t o sidelobe l e v e l r a t i o i n dB. CODE 733, BLRG 607 Signal Processing .
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Thus for sidelobe l e v e l c o n t r o l below -40 dB, t h e mainlobe w i d t h i s doubled, and f o r c o n t r o l below -80 dB, i t i s quadrupled.
The widening o f t h e f i l t e r response r e s u l t s i n s i g n i f f c a n t s p e c t r a l o v e r l a p o f adjacent f i l t e r s .
For example, f i l t e r s w i t h -70 dB sidelobes a r e down 3 dB a t the c e n t e r o f t h e adjacent f i l t e r and a r e down 20 dB a t t h e c e n t e r o f t h e f i l t e r removed two bins. F i g u r e 2 demonstrates t h e w i d e r mainlobe response a t t h e DFT c e n t e r frequencies. The c l a s s i c response t o t h e broadened f i l t e r response i s t o double t h e l e n g t h o f t h e f i l t e r t o 2N p o i n t s which o f course reduces t h e bandwidth o f t h e f i l t e r t o K(A) fs/2N. I f t h e double l e n g t h f i l t e r i s now implemented i n a double l e n g t h transform t h e channel spacing i s a l s o reduced by a f a c t o r o f two so i t appears we a r e back where we U.S. Government Work. Not protected by U.S. copyright.
started. Actually, we have had a net gain. The sidelobe levels of the f i l t e r s a r e now acceptable, the f i l t e r bandwidths a r e now correct, and we simply have too many f i l t e r s .
W e can perform the double length transform over the 2N point f i l t e r , obtain f i l t e r outputs which a r e spaced fs/2N apart and take a l t e r n a t e outputs t o obtain spacings of fs/N. In practice, the windowed data i s circularly wrapped ( o r folded) from length 2N t o length N and i s presented t o the N point transform. T h i s intentional time domain aliasing is equivalent t o subsampling the spectral points o f the DFT. Equation 1 shows the equivalence of the two options and figure 3 demonstrates how the data wrapping i s performed. Thus the N narrowband channelized outputs a r e equivalent to those obtained from the a l t e r n a t e b i n s of a windowed and overlapped 2N point DFT. The problem we address i s the reconstruction of the i n p u t data corresponding t o the bandwidth spanned by a subset of these f i l t e r outputs. T h i s is equivalent t o forming the output series from a wider bandwidth f i l t e r . W e synthesize t h i s wider band by raising the sample r a t e and merging the time series from a collection o f narrowband f i l t e r s covering the same band of frequencies. The potential problem we have here is t h a t only alternate bins of the double length transform have been formed.
An alternative statement of the problem is t h a t we have intentionally aliased the windowed data t o avoid computing the redundant f i l t e r s . W e now have t o undo t h a t aliasing. W e argue t h a t i n forming the bank of f i l t e r s spanning the spectral region of i n t e r e s t we have not violated the Nyquist c r i t e r i o n r e l a t i v e t o t h e i r individual bandwidths. A s such, we have not lost any information by computing only the alternate spectral points of the double length DFT.
Hence the missing spelctral points are not required t o undo the time domain folding and we should be able to perform the desired reconstruction w i t h o u t them.
THE CLASSICAL MERGING PROCESS W e can reconstruct the time domain signals corresponding t o a se1 ected group of narrowband f i l t e r s by a technique known as inverse analysis. The spectral data was formed by an analysis process i n which time data from overlapped intervals is projected onto a s e t of basis vectors which span the signal bandwidth.
The structure o f this processing is shown i n figure 4.
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The wk(n)'s a r e the impulse responses corresponding t o the narrowband channels.
These f i l t e r s are nearly orthogonal and they a r e complete. Thus the reconstruction or synthesis can be performed a s a simple weighted sum of the orthogonal basis vectors. This too is indicated i n the synthesis section o f figure! 4.
The merging of the retonst$uctions from the different overlapped intervals i s also performed as a weighted summation. The merging process, shown i n figure 4, i s similar ro the overlap and add f a s t convolution process.
The time s e r i e s obtained from each o f the narrowband f i l t e r s is sampled a t a r a t e which i s commensurate w i t h i t s low bandwidth.
As the bandwidth o f the composite signal i s increased by the merging proces!;, the sample r a t e of each contributing basis s e t vector must increase t o r e f l e c t this higher bandwidth. I t was an easy matter t o discard s,amples from each series as we reduced t h e i r bandwidths b u t now we a r e faced w i t h the task of plucking those samples back from t h e ether. We do this by imbedding an interpolator i n the reconstruction process and we do i t i n a very simple way which is equivalent t o the following description.
We know t h e c e n t e r frequency o f each basis vector.
Rather than i n t e r p o l a t e t h e values o f t h e known vectors, we arrange t o s t o r e a l i s t of t h e i r samples. Then we increment through t h i s l i s t a t t h e sample r a t e r e q u i r e d t o s a t i s f y t h e bandwidth being
assembled by t h e merging process. I n f a c t we d o n ' t r e a l l y do a l l o f t h i s work; a f t e r a l l we d i d n ' t e x p l i c i t e l y have t o compute t h e basis vectors f o r t h e decomposition, so we probably d o n ' t need t o do so f o r t h e r e c o n s t r u c t i o n , We synthesized t h e equivalent basis vectors i n a sequence o f operations; we f i r s t windowed t h e data ( t o account f o r t h e common magnitude o f t h e basis v e c t o r s ) and then used t h e DFT t o supply t h e phase r o t a t i o n s f o r t h e vectors.
We
The f i n a l problem, and t h e purpose o f t h i s paper i s t h e minor d e t a i l t h a t t h e basis vectors used f o r t h e decomposition were i n t e n t i o n a l l y c i r c u l a r l y a l i a s e d p r i o r t o t h e DFT and t h e IDFT (by i t s e l f ) can n o t r e c o n s t r u c t them. I n o t h e r words, each data p o i n t a p p l i e d t o t h e transform i s t h e sum o f two o t h e r points, and w h i l e t h e i n v e r s e transform can b r i n g back t h a t same summed p o i n t , i t i s n o t capable o f p u l l i n g them back apart. T h i s i s c l o s e l y r e l a t e d t o t h e question, can we unscramble an egg? MERGING WINDOWED AND FOLDED DATA I n t h e previous s e c t i o n we noted t h e problem y e t t o be solved i s t h e data unfolding. We n o t e t h a t t h e DFT processes N p o i n t s o f data per i n t e r v a l o f t h e form l i s t e d i n equation 2.
EQ.2 I t i s q u i t e obvious we can n o t r e c o n s t r u c t d(n+N) given w(n), w(n+N), and h(n). But w a i t ! The data h(n) c o n t r i b u t e s t o more than one observation. The f u l l s e t o f observations may c o n t a i n t h e i n f o r m a t i o n t o h e l p us separate t h e f o l d e d data.
Before we l o o k c a r e f u l l y a t t h e data i n t h e time domain, i t i s u s e f u l t o examine i t s s p e c t r a l d e s c r i p t i o n and i n p a r t i c u l a r , how t h e s p e c t r a l data we do have i s r e l a t e d t o t h e s p e c t r a l data we d o n ' t have ( i e . t h e missing b i n s ) . We denote t h e unwindowed s p e c t r a l data as H(k),
t h e windowed s p e c t r a l data as G(k), and t h e window terms as W(k). We n o t e good windows have o n l y a few non zero terms symmetrically about t h e zero index, The windowed terms f o r k-1, k, and k + l f o r a two-term window (such as t h e Hamming o r Hann) a r e shown i n equation 3.
G(kt1) = W(O)H(k+l) + W(1) [H(k)tH(k+E)] Suppose t h e k -t h s p e c t r a l p o i n t i s one o f t h e terms n o t computed by t h e windowed and f o l d e d transform and we wish t o r e b u i l d it. Note t h e data terms r e q u i r e d t o compute t h e k -t h term are, along w i t h o t h e r data, i n t h e adjacent windowed bins. We can replace t h e missing k -t h term w i t h a weighted sum
o f t h e (non-missing) neighbors. Denoting t h e weights A(k) and t h e weighted term as G'(k) we have a r e p r e s e n t a t i v e form o f t h e k -t h s p e c t r a l approximation shown i n equation 4.
EQ.4
The weighted sum o f s p e c t r a l neighbors appears t o be some "other" s p e c t r a l window. A window with t h e same number o f s p e c t r a l terms as t h e o r i g i n a l i n p u t window might be a best bandwidth match f o r t h e s p e c t r a l i n t e r p o l a t o r . We'll see s h o r t l y ! O f course s
l i d i n g t h e window through t h e spectra i s t h e same as a p p l y i n g t h e window m u l t i p l i c a t i v e l y t o t h e time series. The t i m e s e r i e s i s t h e one formed w i t h t h e missing s p e c t r a l p o i n t s s e t t o zero. T h i s i s t h e same as t a k i n g t h e IDFT w i t h o u t t h e zeros and then
r e p l i c a t i n g t h e r e s u l t a n t series. That's t h e way we w i l l a c t u a l l y attempt t h e r e c o n s t r u c t i o n . We take t h e spectra o f i n t e r e s t through an IDFT, r e p l i c a t e it, rewindow i t , and merge t h e overlapped i n t e r v a l s by s t r a i g h t summation.
We can p r e d i c t t h e outcome o f t h e r e c o n s t r u c t i o n w i t h t h e a i d o f a simple t e s t , t h e impulse response o f t h e whole processing chain ( w i t h o u t t h e bandw i d t h reduction). We w i l l apply t h e sequence o f operations t o a s i n g l e data p o i n t a t p o s i t i o n '
In" i n t h e i n p u t a r r a y and n o t e how w e l l t h e impulse i s reconstructed.
Since we a r e o n l y performing l i n e a r operations we w i l l have c h a r a c t e r i z e d t h e e n t i r e process. The experiment i s best f o l l o w e d w i t h t h e a i d o f f i g u r e 5 which t r a c k s a f o u r -t o -one overlapped and windowed OFT processor. The p o s i t i o n o f t h e non-zero i n p u t and output terms a r e noted a t each step i n t h e process. The single i n p u t data point a t position n i s denoted h(n). I t i s presented t o the transform as g(n) = w(n)h(n) + w(n-H)h(n-N) = w(n)h(n). The point g ( n ) has two possible parents which i n general are n o t distinguishable b u t are i n our controlled experiment. Upon returning through the inverse transform we place g(n) a t i t s two possible parent addresses (via the replicate) and apply the second window v(n). Note t h a t while the replicated data a t the two locations i s the same, the second window terms v ( n ) and v(n-N) are not. The two response positions and values a r e r ( n ) = v(n)w(n)h(n) and r(n-N) = v(n-N)w(n)h(n) I f we repeat t h i s operation for four overlapped intervals and then merge them by summing we obtain a reconstruction w i t h non zero data a t three positions as seen i n figure 5. The center position is the expected reconstruction while the two a r t i f a c t s a t position n-N and n+N are pre-and-post echos.
In retrospect these echos a r e no surprise; the spectrum from which t h i s data came has a periodic magnitude ripple (between the missing and present spectral data) w i t h a period of 2 spectral bins (ie. 2 times 1/2N or UN). I t i s easily shown, as i n equation 5, t h a t periodic ripple i n the magnitude response of a system has the effect of generating a pair of pre and post echos about the main response o f f s e t by a distance equal t o t h e reciprocal period N about the expected response. EQ.6
G(Q)
where a = 0.5 +-a2 + b2 = 1 and The Z-Transform of the zero forcing equalizer i s the inverse of each of these factors and i s shown, w i t h i n a scale factor, i n equation 7 . Also shown i s the expanded form of the two series. F i n a l l y , f i g u r e 8 presents an example o f t h e o u t p u t responses f o r a s e t o f zero f o r c i n g e q u a l i z e r s ( o f lengths 3, 5, and 7 ) when t h e i n p u t s i g n a l i s a s i n g l e s h o r t pulse. The processing used a Hann window and a 4-term B-h window t o generate t h e s p e c t r a l data and a 4-term B-h windowto r e c o n s t r u c t t h e t i m e data. The e q u a l i z e r was approximated w i t h t h e c o e f f i c i e n t c ( o f equation 7) s e t t o b/a ( o f eqaution 6), thus t h e zero f o r c i n g i s i n e x a c t as seen i n t h e -74 dB r e s i d u e o f t h e 3-tap equalizer.
Even w i t h t h i s approximate c o e f f i c i e n t , t h e equali z a t i o n achieved w i t h 5-taps exceeds -76 dB and w i t h 7-taps exceeds -104 dB.
CONCLUSIONS
We have reviewed t h e c l a s s i c a l technique for r e c o n s t r u c t i n g t i m e domain data from a sequence o f overlapped and windowed DFTs. A common processing t r i c k c a l l e d data f o l d i n g ( o r wraparound) decouples t h e l e n g t h o f t h e e q u i v a l e n t f i l t e r from t h e l e n g t h o f t h e DFT which performs t h e channelization. This i s e q u i v a l e n t t o desampling t h e o u t p u t o f a f u l l l e n g t h DFT and gives t h e impresssion t h a t s p e c t r a l data i s discarded. Due t o t h i s impression t h e r e i s a question whether t h e t i m e data can be recovered from t h e desampled s p e c t r a l points.
We have demonstrated, t h a t s i n c e t h e f i l t e r outputs we do compute completely span t h e desired spectra, we can r e c o n s t r u c t t h e t i m e s e r i e s w i t h a r b i t r a r y f i d e l i t y .
I n response t o a question we posed e a r l i e r , i t appears t h a t we can indeed unscramble an egg.
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